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Nonlinear optical processes rely on the intrinsically weak interactions between photons enabled
by their coupling with matter. Unfortunately, many applications in nonlinear optics are severely
hindered by the small response of conventional materials. Metallic nanostructures partially alleviate
this situation, as the large light enhancement associated with their localized plasmons amplifies their
nonlinear response to record high levels. Graphene hosts long-lived, electrically tunable plasmons
that also interact strongly with light. Here we show that the nonlinear polarizabilities of graphene
nanoislands can be electrically tuned to surpass by several orders of magnitude those of metal
nanoparticles of similar size. This extraordinary behavior extends over the visible and near-infrared
for islands consisting of hundreds of carbon atoms doped with moderate carrier densities. Our
quantum-mechanical simulations of the plasmon-enhanced optical response of nanographene reveal
this material as an ideal platform for the development of electrically tunable nonlinear optical
nanodevices.
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I. INTRODUCTION
The well-established field of nonlinear photonics hosts
a vast number of applications, including spatial and spec-
tral control of laser light, all-optical signal processing, ul-
trafast switching, and sensing [1, 2]. Because the efficien-
cies of nonlinear optical processes are generally poor, con-
siderable effort has been devoted towards seeking materi-
als that can display nonlinear effects at low light intensi-
ties and ultrafast response times [2–4]. For this purpose,
plasmonic nanostructures have been particularly attrac-
tive due to their ability to generate high local intensity
enhancements through strong confinement of electromag-
netic fields [3, 5, 6], leading to second-harmonic polariz-
abilities as high as ∼ 10−27 esu per atom, as measured
for noble metal nanoparticles [3], and even beating the
best molecular chromophores [3, 7, 8]. However, although
localized plasmons can be customized through the size,
shape, and surrounding environment of the metal nanos-
tructures [5], they suffer from low lifetimes and lack post-
fabrication tunability [9].
Doped graphene has recently attracted much attention
as an alternative plasmonic material capable of sustain-
ing electrically tunable optical excitations with long life-
times [9–18]. The existence of gate-tunable plasmons in
graphene has been confirmed by THz [13, 14] and mid-
infrared [15, 16] spectroscopies, while optical near-field
microscopy has been used to image them in real space
[17, 18]. Efforts to extend the plasmonic response of
graphene to the visible and near-infrared regimes are cur-
rently underway [12]. Additionally, graphene has been
predicted to display intense nonlinearity due to its an-
harmonic charge-carrier dispersion relation [19]. Re-
cent four-wave mixing [20], Kerr effect [21], and third-
harmonic generation [22] experiments already confirm
a large third-order response in this material in the un-
doped, plasmon-free state. Graphene plasmons could
amplify this response further [23], and even enable strong
few-photon interactions in small islands [24, 25].
Here we show that the nonlinear optical polarizabilities
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FIG. 1: Nonlinear response of nanographene. (a) Illustration of a doped graphene nanotriangle (armchair edges, N = 330
carbon atoms, L = 4.1 nm side length, doped with Q = 2 additional charge carriers) under irradiation by a short light pulse
(166 fs FWHM duration, 1012 W/m2 peak intensity, ~ω0 = 0.68 eV central energy) tuned to one of the graphene plasmons. (b)
Time variations of the incident electric field and the induced graphene dipole. (c) Harmonic analysis of the graphene dipole
for polarizations along the x and y directions (see axes in (a)).
of small graphene nanoislands (< 10nm) exceed by sev-
eral orders of magnitude those of the best conventional
nonlinear materials, including noble metal nanoparticles
of similar lateral size (but obviously of much greater vol-
ume). Nonlocal and finite-size effects dominate the re-
sponse of these structures [26, 27], which we model in
a quantum-mechanical fashion. Specifically, we perform
density-matrix simulations using a tight-binding descrip-
tion of the electronic states and following complementary
time-domain and perturbative approaches (see details in
Methods and Appendix). Our results reveal unprece-
dented levels of nonlinearity when the graphene nanois-
lands are doped with only a few electrons.
II. RESULTS AND DISCUSSION
Fig. 1 illustrates the optical nonlinearity of one of the
armchair-edged triangular graphene nanoislands consid-
ered in this work, consisting of 330 carbon atoms, span-
ning a side length of 4.1nm, and doped with two ad-
ditional charge carriers (2.3 × 1013 cm−2 doping den-
sity, equivalent to 0.56 eV Fermi energy in extended
graphene). Upon illumination with a light pulse of cen-
tral energy ~ω0 = 0.68 eV, tuned to one of its plasmons,
the island is capable of producing significant nonlinear
polarization at multiple harmonics (Fig. 1a), including
second- and third-harmonic generation (SHG and THG).
The temporal evolution of the induced polarization (Fig.
1b, blue) and its spectral decomposition (Fourier trans-
form, Fig. 1c) show the excitation of high harmonics us-
ing a relatively moderate pulse fluence 177mJ/m2 (see
Fig. 6 in the Appendix for additional results obtained
from various incident fluences). Although graphene is
a centrosymmetric 2D crystal, which ordinarily would
prevent even-ordered nonlinear processes from occuring
[1], this symmetry can be broken by the finite size of
the nanoisland. Notice that the mirror symmetry of
the nanoisland along x results in the vanishing of even-
harmonic generation when the incident light is polarized
along that direction. Conversely, both odd and even har-
monics are observed with a pulse polarized along the
asymmetric y direction. Interestingly, the intensity of
odd harmonics is independent of polarization direction
because the nanoisland has threefold rotational symme-
try. For the pulse polarized along the y-direction, we also
take special note of a static electric field formed in the
graphene nanoisland due to optical rectification, as indi-
cated by the polarization emerging at zero frequency in
Fig. 1c.
For a quantitative analysis of the linear and nonlin-
ear optical response of nanographene, we examine the
incident-frequency dependence of the nonlinear polariz-
ability in Fig. 2. Both time-domain and perturbative ap-
proaches produce nearly identical results when the former
is computed for low light intensities (see Appendix). For
simplicity, we concentrate on the same nanotriangle as in
Fig. 1, under different doping conditions, ranging from
Q = 0 to Q = 6 additional charge carriers. In undoped
graphene (Q = 0), the linear polarizability (Fig. 2a) is
dominated by a single > 1 eV plasmon in the spectral re-
gion under consideration, which however produces only
negligible SHG (Fig. 2b) and THG (Fig. 2c). In contrast,
when the island is doped, < 1 eV plasmon features emerge
(Fig. 2a), which move towards higher energies as Q is
increased. These highly-tunable, low-energy dipole plas-
mon modes are a result of the collective nature of the elec-
tronic excitations of the nanoisland, and do not coincide
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FIG. 2: Linear and nonlinear polarizability spectra. We study the nanotriangle of Fig. 1 for external polarization perpen-
dicular to one of the graphene sides, assuming different doping levels as indicated by the number of additional charge carriers
Q. (a-c) Linear (a), second-harmonic (b), and third-harmonic (c) polarizabilities for low-intensity continuous illumination.
(d-f) Same as (a-c) calculated for various high intensities I0 (see legends), and at frequencies near the lowest-energy dipole
plasmon under Q = 2 doping, as indicated by the dashed blue box spanning (a-c). The filled curves in (b) and (c) have been
multiplied by the factors indicated with text of the corresponding color, while the filled curves in (d) are obtained with a
classical anharmonic oscillator model (see main text).
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FIG. 3: Evolution of the nonlinear response with graphene size and doping level. We show linear and nonlinear peak
polarizabilities (proportional to symbol areas, see empty-circle scales in (b)) at the dominant plasmon features of graphene
armchair nanotriangles as a function of their size (a) and doping level (b) for selected doping levels and sizes, respectively. The
vertical positions of the symbols indicate the resonant incident light energies.
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FIG. 4: Doubly resonant SHG and THG. Local maxima in the polarizability spectra, normalized to the number of carbon
atoms, are shown for various nanoislands with a fixed doping carrier density N/Q = 100. The filled symbols show the linear and
nonlinear polarizabilities as functions of the fundamental incident photon frequency, while the empty symbols show the linear
polarizability at the indicated harmonic frequency (see legends). Large SHG (a) and THG (b) is observed for nanoislands that
support plasmons at both the fundamental frequency and twice or three times that frequency, respectively. The polarizability
is proportional to the area of the symbols.
with any dominant electron-hole pair transitions [12, 28].
Incidentally, zigzag edges are detrimental for the emer-
gence of these plasmons and the resulting tunable nonlin-
ear response (see Figs. 9 and 10 in the Appendix). Impor-
tantly, intense features appear in the nonlinear spectra
at incident photon energies tuned to the low-energy plas-
mons (Fig. 2b,c). These features exhibit multicomponent
line profiles that indicate a complex interplay between
the responses at the incident frequency and at multiples
of that frequency. The nonlinear strengths follow a non-
monotonic evolution with Q that we also attribute to
that interplay (see below). For quantitative comparisons
with bulk materials, we approximate the nonlinear sus-
ceptibilities χ(2) and χ(3) in doped nanographene by con-
sidering the polarizability per atom (denoted here as α˜(s)
for the harmonic s) and calculating χ(s) = α˜(s)nC/dgr,
where nC = 3.8×1015 cm−2 is the areal density of carbon
atoms in graphene and dgr ' 3.3 × 10−8 cm is the effec-
tive thickness of a graphene layer (see right vertical axes
in Fig. 2). For comparison, we note that the third-order
susceptibility of extended graphene without the involve-
ment of any plasmons has been measured via four-wave
mixing experiments as |χ(3)| ∼ 10−7 esu, exceeding the
maximum value obtained for a 4 nm thick gold film mea-
sured under the same experimental conditions [20]. Ad-
ditionally, third-harmonic generation measurements have
yielded values |χ(3)| ∼ 10−8 esu in graphene [22].
The linear and nonlinear spectral lineshapes display a
dependence on light intensity that is clearly observable
above ∼ 1GW/m2, as shown through time-domain simu-
lations in Fig. 2d-f, obtained from the Fourier transform
of the induced dipole over an optical cycle after reaching
a steady-state regime (see Appendix). In particular, the
third-order nonlinearity contributes to the polarization
oscillating at the incident frequency ω through the Kerr
effect [1], the spectral details of which can be actually
mimicked by a classical model, assuming that each elec-
tron of massme oscillates around its equilibrium position
x = 0 driven by the incident field and subjected to an an-
harmonic potential U(x) = −(meω20/2)x2−(mea/4)x4 of
resonance energy ~ω0 = 0.68 eV and nonlinear coefficient
a. Using a fixed value a = −(4.7 + 0.3 i)× 1047m−2s−2,
this model reproduces the initial redshift with increasing
intensity I0 found in the calculated linear polarizability
for I0 = 1010 − 1011W/m2 (see Fig. 2d and Appendix),
while it predicts optical bistability at even higher inten-
sities (I0 = 5× 1011W/m2).
The number of electrons involved in the observed res-
onances, as estimated from the f -sum rule [12, 29], is
roughly proportional to the resonance frequency times
the maximum polarizability, where the latter is given by
the area of the symbols in the top panel of Fig. 3a. Al-
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FIG. 5: Second- and third-harmonic responses of nanographene compared with noble metal nanoparticles. We
show the nonlinear polarizabilities of graphene nanotriangles as a function of their side length L at a fixed doping of one electron
per 100 carbon atoms, compared with measured values of noble metal nanoparticles (MNPs) of the same maximum length. In
(a) we show second harmonic data for roughly-spherical gold and silver MNPs measured at fundamental wavelengths of 800
and 780nm, respectively (solid circles) [7, 8]; roughly-spherical gold MNPs measured at a fundamental wavelength of 1064nm
(open circles) [30]; gold decahedra measured at a fundamental wavelength of 790nm (solid diamonds) [31]; and silver triangles
measured at a fundamental wavelength of 1064nm (solid triangles) [32]. In (b) we show degenerate four-wave mixing data for
silver and copper MNPs measured at wavelengths of ∼ 420 and ∼ 570 nm, respectively (solid circles) [33], as well as THG data
for silver MNPs measured at a fundamental wavelength of 1230nm [34] (open circle at the bottom). Dashed lines are added
to indicate the approximate scaling with L according to experimental observations. The calculated graphene polarizabilities
correspond to incident light energies as indicated along the curved arrows.
though the largest islands studied here involve many elec-
trons in each resonance according to this criterium, and
thus, we can legitimately talk about plasmon resonances,
it is interesting to note that the mode examined in Fig.
2d for the 330-atom triangle has an effective strength of
only ∼ 0.3 electrons. However, the energy of this mode
is very different from those of individual dipole-active
electron-hole pair excitations [28], which emphasizes its
many-body character. It is nonetheless surprising that
nonlinear effects are observed at relatively moderate in-
tensities (e.g., 1011W/m2), for which the excited state
still has a low population np ∼ 0.08, as estimated by
equating the energy absorbed by the particle (i.e., σabsI0,
where σabs ≈ (4piω/c)Im{α(1)} is the absorption cross
section) to the energy dissipated through plasmon decay
(i.e., np~ωp/τ , where ωp and τ are the mode frequency
and decay time, respectively).
We present in Fig. 3 an overview of the dependence of
the maximum first-, second-, and third-harmonic polar-
izabilities on island size and doping (see also Fig. 7 in
the Appendix for the polarizabilities normalized to the
number of atoms). The linear polarizabilities increase
monotonically with size and doping, while the plasmon
energies scale roughly as ∼ Q1/4/N1/2, in a way that is
consistent with a local classical description of the opti-
cal response [12]. With fixed doping densities, the max-
imum linear polarizability is found among the higher-
energy plasmon modes for smaller islands, as illustrated
in Fig. 2a for low doping. As the nanoisland size in-
creases, and with it the doping level, the lower-energy
modes eventually become dominant. In contrast, the
nonlinear polarizabilities exhibit a non-monotonic evo-
lution with both Q and N , which we again attribute to
the presence of resonances at both the fundamental and
the harmonic frequencies. When normalized per carbon
atom, the THG susceptibilities take extraordinarily large
values |χ(3)| ∼ 10−6–10−4 esu (see Appendix and below).
A mechanism of double plasmonic enhancement is il-
lustrated in Fig. 4, showing anomalously large nonlinear
polarizabilities when a plasmon exists at a multiple of the
fundamental frequency, which is in turn tuned to another
plasmon. This phenomenon has been recently invoked to
predict nonlinearities in graphene islands at the single-
photon level [25]. For SHG, Fig. 4a shows this effect
taking place for an island consisting of N = 168 atoms.
Similarly, Fig. 4b shows large THG with N = 270. The
non-monotonic evolution of the nonlinear polarizabilities
with size and doping noted in Figs. 2 and 3 are also due
to this type of double resonance effect. For a fixed geom-
etry, the double enhancement phenomenon should be at-
tainable by varying the doping charge density: consider,
for example, the highly-tunable, low-energy dipole plas-
mon mode of Fig. 2a, which evolves with doping, eventu-
ally converging to the less-tunable, higher-energy mode,
so that at some point before converging the two modes
satisfy the required 1:2 energy ratio. This phenomenon
6should also occur in imperfect nanoislands with a pre-
dominance of armchair edges, although higher levels of
doping could be necessary (see Fig. 11 in the Appendix).
Fig. 5a shows that the SHG polarizabilities predicted
for nanographene exceed by three orders of magnitude
the optimal values measured for noble metal nanoparti-
cles of similar lateral size. For a comprehensive compar-
ison of SHG with noble metals, we present data from ex-
periments performed on various nanoparticle morpholo-
gies, including highly asymmetric structures, as well
as for different excitation frequencies [8, 30–32]. The
comparison per unit volume is even more favorable to
graphene, as it is an atomically thin structure, in con-
trast to the three dimensional nanoparticles. The third-
order polarizability in graphene is also above that mea-
sured for copper and silver [33, 34] (see Fig. 5b), and
more so when considering that these measurements refer
to fully degenerate four-wave mixing experiments, which
tend to yield significantly higher values than those ob-
tained when looking at THG or non-degenerate four-wave
mixing [35]. Although larger graphene islands present
a computational challenge beyond our current computa-
tional capabilities, the pace at which their nonlinear po-
larizabilities increase with size should be faster than that
of noble metals, as expected from the extrapolation of the
dashed curves in Fig. 5. It should be noted that this oc-
curs at plasmon energies that eventually evolve towards
the mid infrared (see Fig. 3a), whereas the size range here
explored yields tunable visible and mid-infrared excita-
tions.
III. CONCLUSIONS
The extraordinary second- and third-harmonic genera-
tion reported above warrants further exploration of non-
linear optical phenomena in doped nanographene. Other
morphologies apart from nanotriangles should yield sim-
ilar high levels of nonlinear response, particularly when
their edges are predominantly armchair. Graphene
nanoislands with sizes comparable to those considered
here have already been fabricated using various methods
[36–38], although they lack precise control over size and
shape, which limits their applicability to nonlinear pho-
tonic technologies. Alternatively, a bottom-up approach
based upon chemical self-asembly of molecular precur-
sors provides better degree of control over the sizes and
edge configurations [39–41]. In practical devices, electri-
cal doping can be introduced in the nanoislands through
a transparent substrate [42], or by placing them close to a
contact, from which electrons can be tunneled. Arrayed
nanoislands can transform a substantial fraction of the in-
cident light energy into nonlinear harmonics (see Fig. 12
in the Appendix). Our results indicate that a relatively
small amount of charge transferred to a graphene nanois-
land can facilitate a dramatic increase in the magnitude
of the nonlinear polarizability. This suggests the use of
graphene nanoislands for the development of nanometer-
sized optoelectronic switches and modulators, as well as
for the detection of minute amounts of analytes through
their charge transfer to the graphene.
IV. METHODS
We describe the low-energy (< 3 eV) optical response
of graphene nanoislands within a density-matrix ap-
proach, using a tight-binding model for the pi-band elec-
tronic structure. One-electron states |ϕj〉 are obtained by
assuming a single p orbital per carbon site, oriented per-
pendicular to the graphene plane, with a hopping energy
of 2.8 eV between nearest neighbors [43, 44]. In the spirit
of the mean-field approximation [45], a single-particle
density matrix is constructed as ρ =
∑
j ρ˜jj′ |ϕj〉〈ϕj′ |,
where ρ˜jj′ are time-dependent numbers. An incoher-
ent Fermi-Dirac distribution of occupation numbers fj
is assumed in the unperturbed state, characterized by a
density matrix ρ˜0jj′ = δjj′fj , whereas the time evolution
under external illumination is governed by the equation
of motion
∂ρ
∂t
= − i
~
[H, ρ]− 12τ
(
ρ− ρ0) . (1)
The last term of Eq. (1) describes inelastic losses at a
phenomenological decay rate 1/τ , where the factor of 1/2
accounts for the fact that we are relaxing to the ground
state instead of the local thermal equilibrium state [46].
We set ~τ−1 = 10meV throughout this work, corre-
sponding to a conservative Drude-model graphene mobil-
ity µ ≈ 1200 cm2/(Vs) for a characteristic doping carrier
density 4 × 1013 cm−2 (i.e., one charge carrier per every
100 carbon atoms), and note that even higher decay rates
still produce large nonlinearities (see Fig. 8 in the Ap-
pendix). The system HamiltonianH = HTB−eφ consists
of the tight-binding part HTB (i.e., nearest-neighbors
hopping) and the interaction with the self-consistent elec-
tric potential φ, which is in turn the sum of external
and induced potentials. The latter is simply taken as
the Hartree potential produced by the perturbed elec-
tron density, while the former is related to the incident
electric field E(t) as −r · E(t). The induced dipole mo-
ment is then calculated from the diagonal elements of the
density matrix in the carbon-site representation as p(t) =
−2e∑l [ρll(t)−ρ0ll]Rl, where the factor of 2 accounts for
spin degeneracy and Rl runs over carbon sites. Under
continuous wave illumination (E(t) = E0 eˆ e−iωt + c.c.),
we consider the harmonics contributions to the dipole
moment, p(t) =
∑
s α
(s) (E0)s e−isωt + c.c., which im-
plicitly defines the linear (s = 1) and nonlinear (s > 1)
polarizabilities α(s). In particular, we focus here on the
second- (s = 2) and third-harmonic (s = 3) response. We
use two different methods to solve Eq. (1) and find α(s):
direct time-domain numerical integration and a pertur-
bative approach. We find both of these methods to be
in excellent quantitative agreement when the light in-
tensity is sufficiently low. The former also allows us to
7simulate the response to short light pulses for arbitrarily
large intensity. Incidentally, the perturtative approach
is a nontrivial extension of the linear random-phase ap-
proximation method already reported for graphene [26],
and it requires s times as long to compute all harmonics
up to order s. More details on both of these methods are
offered in the Appendix.
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Appendices
We provide details on the simulation methods used to
calculate the optical properties of nanographene. Specif-
ically, we rely on a single-particle density matrix formu-
lation based upon a tight-binding representation of the
electronic states. We discuss a time-domain approach to
the problem, as well as a perturbative solution method.
We also compile a brief tutorial on nonlinear polarizabil-
ity units, an analytical anharmonic model of the non-
local response, additional time-domain numerical sim-
ulations, a quantitative picture of the nonlinearities in
nanographenes, an analysis of the dependence on the
electron relaxation time, an evaluation of the role of de-
fects and edges in the optical response, and simulations
of nanoisland arrays.
Appendix A: Theoretical model and methods of
solution
We investigate the linear and nonlinear optical re-
sponse of doped graphene nanoislands, with emphasis on
enhanced nonlinearities arising when the involved optical
frequencies are tuned to the graphene plasmons. The lat-
ter correspond to light wavelengths that are much larger
than the size of the islands [10], and therefore, we char-
acterize their optical response by the induced dipole mo-
ment p. In our numerical simulations, we consider light
incident along the direction normal to the carbon plane,
which we take as zˆ. As we are interested in the en-
hanced optical response due to plasmons, armchair-edged
nanoislands are preferred because they support intense
and highly tunable modes, whereas zigzag-edged islands
host near-zero-energy electronic states that are detrimen-
tal to the strength and tunability of optical excitations
[28] (see Sec. G below). We concentrate on armchair
nanotriangles lying on the x-y plane and oriented as il-
lustrated in Fig. 1. However, the methods that we intro-
duce below can be directly applied to arbitrarily shaped
nanographene.
1. Density-matrix approach to the nonlinear
optical response
We model the optical response using a single-particle
density matrix approach, assuming that only pi-band va-
lence electrons are contributing and expanding them in
a basis set formed by the 2p carbon orbitals oriented
perpendicular to the graphene plane, with one spin-
degenerate state |l〉 per atomic site Rl = (xl, yl). We
adopt a tight-binding description [43, 44] in which the
unperturbed system is characterized by a Hamiltonian
HTB of matrix elements 〈l|HTB|l′〉 = −hδ〈l,l′〉, where
h = 2.8 eV is the hopping energy, while δ〈l,l′〉 is 1 if l
and l′ are nearest-neighbour carbon sites and 0 otherwise.
Upon diagonalization of HTB, we obtain single-electron
states of energies ~εj that can be expressed as
|ϕj〉 =
∑
l
ajl|l〉, (A1)
where the expansion coefficients ajl are real and give the
amplitude of orbitals |l〉 in states j. These states are
orthonormal (
∑
l ajlaj′l = δjj′) and form a complete set
(
∑
j ajlajl′ = δll′). In what follows, we use indices l to
label carbon sites and j for single-electron states.
We describe the electronic state of a graphene nanos-
tructure through its single-particle density matrix ρ
ρ =
∑
ll′
ρll′ |l〉〈l′| =
∑
jj′
ρ˜jj′ |ϕj〉〈ϕj′ |,
where ρll′ (ρ˜jj′) are time-dependent matrix elements
in the site (state) representation. We can move be-
tween these two representations using the relations ρ˜jj′ =∑
ll′ ajlaj′l′ρll′ and ρll′ =
∑
jj′ ajlaj′l′ ρ˜jj′ , involving the
ajl coefficients defined in Eq. (A1). Plasmon dynamics
are then studied by solving the equation of motion [45]
∂ρ
∂t
= − i
~
[H, ρ]− 12τ
(
ρ− ρ0), (A2)
where
H = HTB − eφ (A3)
is the system Hamiltonian, φ is the total potential acting
on the graphene island, and ρ0 is the equilibrium den-
sity matrix at time t = −∞ (i.e., before any interaction
with external fields), to which the system relaxes at a
rate τ−1. We construct ρ˜0jj′ = fjδjj′ from the incoherent
filling of electron states according to the Fermi-Dirac-
distribution occupation numbers fj [45]. Although this
relaxation approximation is unable to conserve local elec-
tron density [46], it should provide an accurate descrip-
tion for optical field components oscillating at frequencies
ω  τ−1. This is the case of plasmons in high-quality
doped graphene, for which we assume a realistic phe-
nomenological inelastic relaxation rate ~τ−1 = 10meV
throughout this work, unless otherwise stated.
8It should be noted that the nonlinearity arises from the
induced part of the potential, which produces a quadratic
dependence on ρ in the right-hand side of Eq. (A2). We
obtain linear and nonlinear nanographene polarizabilities
by numerically solving Eq. (A2) using either time-domain
or perturbative methods, as outlined in the following sec-
tions. In particular, results presented in Figs. 1, 2(d-f),
6, and 10 are obtained from time-domain simulations,
while the results of Figs. 2(a-c), 3-5, 7-9, 11, and 12 are
calculated using the perturbative approach.
2. Time-domain approach
Direct numerical integration of the equation of mo-
tion (A2) constitutes an intuitive method of solution, for
which it is convenient to express it in the basis set of
carbon site orbitals |l〉 as
∂ρll′
∂t
= − i
~
∑
l′′
(Hll′′ρl′′l′ − ρll′′Hl′′l′)− 12τ
(
ρll′ − ρ0ll′
)
.
(A4)
The elements of the Hamiltonian (see (Eq. (A3)) are
Hll′ = −hδ〈ll′〉 − eδll′φl.
Here, the total potential φ is diagonal in the site represen-
tation and results from the sum of the external potential
φextl = −Rl ·E(t),
where E(t) is the incident electric field, assumed to be
uniform along the island, and the self-consistent induced
potential, which we model in the Hartree approximation
as [45]
φindl = −2e
∑
l′
vll′
(
ρl′l′ − ρ0l′l′
)
(A5)
after correcting for homogeneous doping in the graphene
nanoisland [47]. Here, −2e(ρl′l′ − ρ0l′l′) is the induced
charge at site l′, vll′ gives the spatial dependence of the
Coulomb interaction between electrons in orbitals |l〉 and
|l′〉 [26], and the factor of 2 accounts for electron spin.
The time-dependent elements ρll′ are calculated by nu-
merically integrating Eq. (A4) to yield the induced dipole
moment
p(t) = −2e
∑
l
(
ρll − ρ0ll
)
Rl.
We use this approach to study the response to high-
fluence Gaussian light pulses (see Sec. D below and Fig.
2(d-f)).
Additionally, we are interested in computing second-
and third-harmonic generation (SHG and THG) upon
continuous-wave (CW) illumination. Accordingly, we
write the incident field as
E(t) = E0 e−iωt eˆ+ c.c., (A6)
where eˆ is the polarization vector, which we take for sim-
plicity along a high-symmetry direction of the system, so
that the induced dipole is also along eˆ (this is the case for
polarization either parallel or perpendicular to one of the
sides of an equilateral triangular island). For moderate
light intensities, the leading contribution to the dipole
oscillating at the sth harmonic is defined as
p(s)(t) = α(s)Es0 e−isωt + c.c.,
where α(s) is the s order polarizability. We calculate the
latter by separating it from all other constituent terms
in the induced dipole p(t) upon Fourier transformation
of a single optical cycle. More precisely, from the above
definition of p(s)(t) it follows that
α(s)(ω) = ω2pi(E0)s
∫ t1
t1−2pi/ω
p(t) eisωtdt,
where we assume the system to have evolved to a steady
state at a time t1  τ after starting the simulation. We
use this procedure to compute the frequency-dependent
SHG and THG polarizabilities represented in some of the
above figures and in Fig. 10 (see below).
3. Perturbative approach
An iterative solution of Eq. (A2) is possible under CW
illumination. This is facilitated by writing it in the state
representation as
∂ρ˜jj′
∂t
=− i (εj − εj′) ρ˜jj′ (A7)
+ ie
~
∑
l,l′
(φl − φl′) ajlaj′l′ρll′ − 12τ
(
ρ˜jj′ − ρ˜0jj′
)
,
where we have used HTB|j〉 = ~εj |j〉, and the interac-
tion potential term has been transformed using the co-
efficients ajl of Eq. (A1). We then expand the density
matrix as
ρ =
∑
n,s
ρnse−isωt, (A8)
where n = 1, 2, 3, ... labels the perturbation order (i.e.,
terms proportional to (E0)n, see Eq. (A6)), while s indi-
cates the harmonic. We use the property ρ˜nsjj′ =
(
ρ˜n,−sj′j
)∗
to reduce the computation time and storage demand
roughly by a factor of 2. To 0th order in E0, Eq. (A7)
is trivially satisfied with ρns = δs,0ρ0. The external po-
tential contributes to first order (n = 1) with s = ±1
components only. We obtain the solution at higher or-
ders by inserting Eq. (A8) into Eq. (A7) and identifying
terms with the same e−isωt dependence on both sides of
the equation. Clearly, we have |s| ≤ n by construction.
At order n ≥ 1, we find
ρ˜nsjj′ = −
e
~
∑
l,l′
(φnsl − φnsl′ ) ajlaj′l′
sω + i/2τ − (εj − εj′)ρ
0
ll′ + ηnsjj′ , (A9)
9where
ηnsjj′ = −
e
~
n−1∑
n′=1
n′∑
s′=−n′
∑
l,l′
(
φn
′s′
l − φn
′s′
l′
)
ajlaj′l′
sω + i/2τ − (εj − εj′) ρ
n−n′,s−s′
ll′ ,
(A10)
while
φnsl = φextl δn,1(δs,−1 + δs,1)− 2e
∑
l′
vll′ρ
ns
l′l′ (A11)
is the contribution to the harmonic s of the total poten-
tial at order n. In Eq. (A9), the first term on the right-
hand side has a linear dependence on ρns through the
induced part of φns (i.e., the sum in Eq. (A11)), whereas
we have separated the dependence on lower perturbation
orders in ηnsjj′ . At each order n we are thus dealing with
a self-consistent system in φns, which we handle in a way
similar to the random-phase approximation (RPA) for-
malism in linear response theory [45]. We proceed by first
using the identity ρ˜0ll′ =
∑
jj′ ajlaj′l′ ρ˜
0
jj′ =
∑
j ajlajl′fj
in the sum of Eq. (A9), and then moving from state to
site representation to obtain the diagonal density-matrix
elements as
ρnsll =
−1
2e
∑
l′
χ
0,(s)
ll′ φ
ns
l′ +
∑
jj′
ajlaj′lη
ns
jj′ , (A12)
where
χ
0,(s)
ll′ =
2e2
~
∑
jj′
(fj′ − fj) ajlaj
′lajl′aj′l′
sω + i/2τ − (εj − εj′) (A13)
is the noninteracting RPA susceptibility at frequency sω.
In summary, each new iteration order n is computed
from the results of previous orders as follows:
1. We first calculate ηnsjj′ using Eq. (A10).
2. We then combine Eqs. (A11) and (A12) to find a
self-consistent equation for φnsl , which reduces in
matrix form to
φns = (1− v · χ0,(s))−1 · βns,
using site labels l as matrix indices and having de-
fined
βnsl = φextl δn,1(δs,−1 + δs,1)− 2e
∑
l′jj′
vll′ajlaj′lη
ns
jj′ .
3. We use the calculated values of ηnsjj′ and φnsl to ob-
tain ρnsll using Eq. (A12), and from here the induced
charge at site l at order n associated with harmonic
s as ρindl = −2eρnsll . Incidentally, we can also cal-
culate the full density matrix ρ˜jj′ using Eq. (A9).
4. Finally, the polarizability of order s is calculated
from
α(s) = − 2e
Es0
∑
l
ρssll Rl · eˆ (A14)
upon iteration of this procedure up to order n = s.
Appendix B: Nonlinear polarizability units
In the literature, the nonlinear polarizabilities α(2) and
α(3) are commonly reported in Gaussian electrostatic
units (esu) [1, 48], with length in cm and charge in stat-
coulomb (1 statC= 4pic0 C, where c0 = 2, 997, 924, 580 is
the speed of light expressed in m/s), whereas many theo-
retical studies use atomic units (a.u., with e = ~ = me =
1). The conversion factors between esu, SI, and a.u. are
given in Table I.
Throughout this work we adopt the common conven-
tion of referring to the esu units of α(1) (cm3), α(2)
(cm5/statC), and α(3) (cm7/statC2) simply as “esu” [48].
For completeness, in Fig. 5 we compare our simulated
nonlinear polarizabilities α(2) and α(3) with previously re-
ported measurements for noble metal nanoparticles, and
offer both esu and SI values, as obtained by using the
noted table. In particular, we show experimental values
of |α(2)| acquired through hyper-Rayleigh scattering of
various types of gold and silver nanoparticles in aqueous
suspensions [7, 8, 30–32]. Additionally, we show values of
the third-order susceptibility |χ(3)| obtained from degen-
erate four-wave mixing measurements of glasses doped
with silver and copper nanoparticles [33] and from THG
measurements of dispersed silver colloids on quartz [34],
converted into |α(3)| upon multiplication by the particle
volume.
Appendix C: Anharmonic oscillator model
The intensity dependence of the first-harmonic polariz-
ability can be qualitatively described by a classical model
for damped and optically driven particles of massme sub-
jected to an effective anharmonic potential [49, 50]. The
equation of motion for such an oscillator can be written
as
mex¨+meτ−1x˙ = −f eE(t) + ∂xU(x), (C1)
where f quantifies the coupling strength to the driv-
ing electric field E(t) = E0e−iωt + c.c., while U(x) =
−(meω20/2)x2 − (mea/4)x4 is the anharmonic potential,
characterized by a resonance frequency ω0 and a nonlin-
ear coefficient a. The solution for the particle position
x(t) can be expressed in harmonics of the driving field as
x(t) =
∞∑
s=1
x(s)(ω)e−isωt + c.c.
If we neglect terms of order s > 1 in the above expansion,
Eq. (C1) leads to
− 3a|x(1)|2x(1) + [ω (ω + iτ−1)− ω20]x(1) = feE0/me
(C2)
for the first-harmonic amplitude x(1). The cubic equation
(C2) can be used to explain the results obtained from
our time-domain simulations for the linear polarizability
10
Units esu SI a.u.
α(1) 1 cm3 1.113× 10−16 C2 m2 J−1 6.748× 1024
α(2) 1 cm5/statC 3.711× 10−21 C3 m3 J−2 1.157× 1032
α(3) 1 cm7/statC2 1.238× 10−25 C4 m4 J−3 1.985× 1039
TABLE I: Conversion factors between electrostatic units (esu), international system units (SI), and atomic units (a.u.) for
linear, SHG, and THG polarizabilities. The equivalent of 1 esu is expressed in SI and a.u. units in each case.
of nanographene under intense CW illumination. In Fig.
2d, we successfully fit α(1) = −ex(1)/E0 to this model
for one of the islands by taking ~ω0 = 0.68 eV, f = 1.77,
and a = −(4.7+0.3 i)× 1047m−2s−2. It should be noted
that the anharmonic oscillator model described here must
be considered as a phenomenological tool, used simply
to qualitatively illustrate the magnitude of the nonlinear
shift observed in the linear spectra for illumination by
intense, CW fields.
Appendix D: Intensity-dependence in the
time-domain
We present in Fig. 6a numerical simulations for the
temporal evolution of the induced dipole moment in a
doped graphene nanoisland under excitation by 166 fs
FWHM laser Gaussian pulses of high intensity, as ob-
tained by direct numerical integration of Eq. (A4). For
relatively small pulse fluence, the polarization displays a
temporally delayed Gaussian-like profile. At higher pulse
fluences, the anharmonicitiy of nanographene leads to a
strongly asymmetric response. The frequency spectrum
of the induced polarization (Fig. 6b) reveals the enhanced
excitation of high harmonics with intense pulses.
Appendix E: Quantitative analysis of optical
nonlinearities
In Fig. 7 we show the specific values for the linear
and nonlinear peak polarizabilities used to produce Fig.
3, normalized to the number of carbon atoms in each
nanotriangle. The polarizability per carbon atom is a
sensible metric for identifying anomolously large non-
linearities in specific nanotriangles, as it effectively re-
moves the size dependence of the induced dipole. An
estimate for the nonlinear susceptibilities χ(2) and χ(3)
for doped nanographene can be obtained from the po-
larizability per atom (denoted here as α˜(s) for the har-
monic s) by using the relation χ(s) = α˜(s)nC/dgr, where
nC = 3.8 × 1015 cm−2 is the density of carbon atoms
in bulk graphene and dgr ' 3.3 × 10−8 cm is the ef-
fective thickness of a graphene layer. Using this ap-
proach, the results presented in Fig. 7 yield peak non-
linear susceptibilities |χ(3)| in the 10−7–10−3 esu range,
to be compared with those measured for bulk graphene
[20] (|χ(3)| ∼ 10−7 esu, or equivalently, α˜(3) ∼ 10−30 esu).
Appendix F: Effect of the relaxation rate
The large linear and nonlinear polarizabilities found in
the graphene nanoislands depend strongly on the choice
of the plasmon relaxation rate τ−1. Throughout this
work, except in this section, we take ~τ−1 = 10meV,
which is comparable to the values estimated from DC
impurity-limited mobilities in high-quality graphene [51–
53] and similar to values reported for graphene used in ac-
tual plasmonic studies [42]. This is a conservative choice,
because chemical synthesis of finite-sized nanoislands
should enable fabrication of nanographene with fewer
defects and less disorder. Arguably, graphene phonons
may also contribute to losses via phonon-plasmon cou-
pling decay channels, in particular for optical phonons
near ∼ 0.2 eV [53]. These modes are essentially connected
with the stretching oscillations of C-C bonds, so they are
very localized and give rise to relatively dispersionless
bands. Therefore, their contribution to inelastic attenu-
ation acts locally and we expect them to act in a similar
way as in extended graphene even in small nanoislands.
In order to demonstrate that the extraordinary non-
linear response of the doped graphene nanoislands pre-
sented here is robust against larger plasmon decay rates,
we show in Fig. 8 the maximum nonlinear polarizabilities
for two nanoislands as the decay rate τ−1 is varied in the
1–100meV range, corresponding to decay times τ ∼ 7–
660 fs. We find that even with very high relaxation rates
the peak polarizabilities in graphene are competitive with
those measured in noble metal nanoparticles, and main-
tain their advantage of electrostatic tunability.
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FIG. 7: Linear and nonlinear peak polarizabilities per carbon atom at the dominant plasmon features of graphene armchair
nanotriangles as a function of their size (a) and doping level (b) for selected doping levels and sizes, respectively. These data
correspond to the same conditions as in Fig. 3.
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FIG. 9: We study the linear (a), second-harmonic (b), and third-harmonic (c) polarizabilities of a nanotriangle with zigzag
edges for low-intensity continuous illumination, where the electric field polarization is perpendicular to one of the graphene
sides. The nanoisland contains N = 321 carbon atoms, and the number of additional charge carriers is varied between 0 and
6. The insets in (b) and (c) show parts of the second- and third-harmonic polarizability spectra, respectively, in greater detail.
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Appendix G: Effect of zigzag edges
The optical response of a graphene nanoisland strongly
depends its edge configuration. In particular, previous
studies have revealed that zigzag edges are highly detri-
mental to the tunability of plasmons [28], particularly if
the plasmon energy exceeds the Fermi energy, due to the
involvement of zero-energy electronic edge states [12]. In
order to explore the role of zigzag edges on the nonlin-
ear optical response, we show in Fig. 9 the linear and
nonlinear polarizabilities for a zigzag-edged nanotriangle
with a similar number of atoms and the same doping con-
ditions as the nanoisland considered in Fig. 2. For the
range of doping densities considered here, we find that
the linear response of the nanoisland remains unchanged,
with no traces of tunable plasmons as the doping is in-
creased. Additionally, features in the nonlinear polar-
izability spectra remain at fixed frequencies, but their
amplitudes increase with doping. We note that the max-
imum SHG and THG polarizabilities are smaller than
those of the armchair nanoisland of similar size studied
in Fig. 2, yet comparable to the nonlinear polarizabili-
ties of noble metal nanoparticles (see Fig. 5). To com-
plete the analogy with that figure, we also investigate
the intensity dependence of the linear polarizability for
the zigzag nanotriangle using time-domain simulations
under CW illumination. In Fig. 10, we show the lowest-
energy dipole plasmon for Q = 2 doping as the intensity
of the incident light is increased. These time-domain
simulations are again well mimicked by the classical an-
harmonic oscillator model given in Eq. (C2), in this case
taking the resonance frequency ~ω0 = 1.132 eV, the cou-
pling parameter f = 2.59, and the nonlinear coefficient
a = (2.6− 8.6i)× 1046 (ms)−2.
Appendix H: Defects in graphene nanoislands
The sensitivity of the optical reponse in graphene
nanoislands to defects is examined in Fig. 11, where the
linear and nonlinear polarizabilities of the perfect arm-
chair nanoisland featured in Figs. 1 and 2 are compared
to those of three variations formed by randomly removing
carbon atoms from the nanostructure. These defects cre-
ate additional modes in the linear absorption spectrum,
with diminished strength compared to those of the ideal
nanoisland. Interestingly, the magnitudes of the second-
order polarizability are not significantly decreased in the
defective nanoislands. Actually, some of the new modes
can produce double-resonance enhancement (see Fig. 4),
as for example in the structure labeled (ii) in Fig. 11 with
doping Q = 3.
Appendix I: Nanoisland arrays
The experimental realization of SHG and THG from
graphene nanoislands could benefit from using samples
containing large numbers of nanoislands. We estimate
here the nonlinear signal intensity resulting from an ar-
ray of nanotriangles illuminated by a light plane wave.
For simplicity, we consider a square array under normal
incidence conditions. From the response of a dipole array,
the linear reflected electric field is given by the expression
[54]
Eref = iS(ω)1/α(1)(ω)−G(ω) E0, (I1)
where G(ω) ≈ 4.52/a3 + i [S(ω) − 2ω3/3c3] is a lat-
tice sum that accounts for the dipole-dipole interactions
between nanoislands, a is the period of the array, and
S(ω) = 2piω/ca2, assuming ωa/c  1. Now, we extend
this approach to describe higher harmonics in terms of
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FIG. 11: Optical response of the N = 330 triangle considered in Fig. 1 and 2, studied as defects are added to the structure by
randomly removing carbon atoms. (a) Atomic structures of the nanoislands under consideration. (b-d) Spectral dependence
of the linear, SHG, and THG polarizabilities for various doping levels, with curve colors chosen to match the atomic structure
plots of (a).
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FIG. 12: Far-field intensity generated by 2D square arrays (period a = 10 nm) of graphene nanoislands at the fundamental and
higher harmonics of an incident plane-wave field with intensity I0. The doping charge in the nanoislands is Q = 1, 2, and 3 in
(a), (b), and (c), respectively.
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the nonlinear polarizabilities. A straightforward gener-
alization of the methods of Ref. [54] permits writing the
intensity of the s harmonic normalized to the incident
intensity I0 as
I(s)
(I0)s
=
(sω
a2
)2 (2pi
c
)s+1
×
∣∣∣∣∣ α(s)(ω)[1− α(1)(sω)G(sω)] [1− α(1)(ω)G(ω)]s
∣∣∣∣∣
2
.
We show in Fig. 12 the power emitted towards one side of
an array at frequencies sω for a period a = 10nm and is-
lands like those of Fig. 2, using the nonlinear polarizabil-
ities reported in that figure. For example, a peak inten-
sity of 1GW/m2 (100GW/m2) will produce 1.3W/m2
(13 kW/m2) and 0.29mW/m2 (0.29MW/m2) via SHG
and THG, respectively, when the nanoislands are doped
with Q = 2 (Fig. 12b).
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